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We have solved a s y s t e m  of different ial  equations for  the s imul taneous t r a n s p o r t  of moi s tu re  
and heat  in the case  of a plate,  a cyl inder ,  and a sphere ,  with boundary conditions of the f i r s t ,  
second, and third kinds. We also cons ider  the in te r re la ted  t r a n s f e r  of heat and mois tu re  du r -  
ing the per iod of the declining drying ra te .  

F o u r i e r ' s  c lass  ic work  [1] [~rovided the bas i s  for  the analytical  theory  of t r anspor t ,  which is now one of 
the most  widely developed b ranches  of ma themat ica l  phys ics .  Such a la rge  number  of pape r s  and bool(s 
have appeared  that it is probably  imposs ib le  to enumera t e  the ent i re  l i t e ra tu re  devoted to questions of the 
t r a n s f e r  of heat  or  mass  in a solid.  The accumulat ion of such substant ia l  information demands new fo rms  
of s to rage  and genera l iza t ion .  

Gol 'dfarb [2] was the f i r s t  to suggest  combined solutions for  a plate,  a cyl inder ,  and a sphere ,  and 
then a new finite integral  t r an s fo rm a t i on  which is a consolidation of the Four i e r  and Hankel t r a n s f o r m s  [3]. 

An analogous b y p e r g e o m e t r i c  t r ans fo rma t ion  was developed in [4]. This t r ans fo rma t ion  was used in 
[5] to achieve a genera l ized  solution for  the equation of heat  conduction, with considera t ion given to the in-  
te rna l  sources  of heat  for e x t r e m e l y  genera l  initial and boundary conditions. 

In this a r t i c l e  we have der ived a genera l ized  solution for  a s y s t e m  of differential  equations [6] for  
mois tu re  and heat  t r anspor t :  

0o,(~, Fo) = 050,(~, Fo) r 00, (~, Fo) 00~(~, Fo) 
+ . . . .  Ko* - - - ,  (1) 

0 Fo 0~ 2 ~ 0~ 0 Fo 

002(~' F~ =Lu[0202(~'  F ~  " L 0~ 2 + F~ 002(~,Fo)]0~ LuPn [0~0'(~' F ~  ~2 + ~F 00,(~, Fo)10~ " (2) 

The initial values  of the potentials  a re  assumed  to be specif ied functions of the space  coordinate  

O k (~, 0) = fh (~) (k = 1, 2). (3) 

Moreover ,  in view of the s y m m e t r y ,  for a plate we have 

o% (o, Fo) _ 0 (k = 1, 2). 
a~ 

After  init ially applying the finite t r ans fo rma t ion  [5] 

(4) 

and then the Laplace t r a n s f o r m  

1 

{eh(~t' F~ = S ~rr Fo) d~, (5) 
0 

{~(]x, s)}r = i {Oh(P" F ~ 1 7 6 1 7 6  
0 

(6) 

V.I .  Lenin Insti tute of Machine and Elec t r i ca l  Engineering,  Sofia, Bulgar ia .  Trans la ted  f rom In- 
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TABLE 1. Values of Lud 2 
l 

Lu 

0.01 

0,05 

0,1 

0,2 

0,4 

0,6 

0,8 

1,0 

Lu~ 

LuS~ 

Lu~ 
LuO~ 

LuO~ 

LuO.~ 
LuO~ 

Lu~ 
LuO~ 

Lu~ 
Lug~ 

Lu~}~ 
Lu~ 

Lu~ 
LuS~ 

0,1 

0,00999 
1,00101 

0,04974 
1,00526 

0,09890 
1,01110 

0,19515 
1,02485 

0,37591 
1,06409 

0,53184 
1,12816 

0,65086 
1,22914 

0,72984 
1,37016 

0.2 

0,00998 
1,00202 

0,04948 
1,01052 

0,09783 
1,02217 

0,19058 
1,04942 

0,35581 
1,1241~ 

0,48637 
1,2336~ 

0,5795( 
1.3805( 

0.6417~ 
1.5582( 

Ko*Pn 

0,4 0,6 

0,00996 0,00994 
1,00404 1,00606 

0,04897 0,04847 
1,02103 1,03153 

0,09576 0,09379 
1,04424 1,06621 

0,18218 0,17461 
1,09782 1,14539 

0,3234S 0,29808 
1,23651 [ 1,3419~ 

0,42361 0,37967 
1,41639] 1,58032 

0,491141 0,43318] 
1,6288( 1,84682 

0,5366~ 0,4693~ 
1,86331 2,1306( 

0,8 

0,009921 
1,00808 

0,04798 
1,04202 

0,09190 
1,08810 

0.16775 I 
1,192251 

0~27725 1 
1,4427~ 

0,346031 

1,73397 I 

0,3903( 
2,0497( 

0,4202( 
2,3798( 

1,0 

0,00990 
1,01010 

0,04751 
1.05249 

0,09010 
1,10990 

0, I6148 
1,23852 

0,25969 
1,54031 

0,31898 
1,88102 

0,35660 
2,24340 

0,38197 
2,61803 

to sys t em (1)-(2), in conjunction with (3)-(4), we obtain an algebraic  sys tem of equations which is solved for 
the images {0-k(/~, s)}- .  We then find the originals of these potentials,  initially for  the pa rame te r  s, and 
then, f rom Fo, with tl~e aid of the inversion formula f rom [5], we find 

0~ (~, Fo) = Z 2~r (Ix~) { O h (la~, Fo) }r. (7) 
n=~ q~ (~t~) + V2r (1~) + _ _ 1  -- F ~Pr Qxn) Vr (~t~) 

The final solution is in the fo rm 
2 2 

k = l  t - - I  

2 2 

02( ~, Fo) = X  X Bh'Ca" (9) 
k : l  i = l  

where 

(k - -  1) I{o* - -  (k - -  2) (I - -  ~ )  
At .  = ( - -  1)' #~ _ ~ 2  ; 

(k--l) ( L u ~  --l ) - - (k--  2)Pn 
2 2 

~2=  l+Ko*Pn+-L-f f  + ( - 1 Y  l + K o * P n +  1 I s 4 ] .  
~ u ]  ----~u J ' 

I 

Ck~ =: Z 2q~r (p.,~) exp [-- ILt~ ~ LU Fo] ~rq~r ( ~ )  fk (~) d~ 
~=, ~ ( ~ . ) + v ~ ( ~ . ) ~  1 - - r  Cr (~ . )Vr (~ . )  0 

/xn 
Fo  

Og t- ~" Vr (Vt~) 0 (1' j Lu F~ d (t~2 Lu F~ " 

0 

( lo)  

(11) 

(12) 

03) 
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TABLE 2. Value of the Coeff ic ient  A l t =  B22 
Ko*Pn 

Lu 
0,1 0,2 0,4 0,6 0 ,8  1,0 

0,01 
0,05 
0,1 
0,2 
0,4 
0,6 
0,8 
1,0 

0,0000 
0,0003 
0,0012 
0,0058 
0,0350 
0,1143 
0,2579 
0,4219 

0,0000 
0,0005 
0,0023 
0,0110 
0,0575 
0,1521 
0,2753 
0,3909 

0,0000 
0,0011 
0,0045 
0,0195 
0,0838 
0,1777 
0,2715 
0,3492 

0,0001 
0,0016 
0,0064 
0,0262 
0,0976 
0,1835 
0,2595 
0,3194 

0,0001 
0,0020 
0,0081 
0,0315 
0,1053 
0,I830 
0,2469 
0,2959 

0,0001 
0,0025 
0,0097 
0,0358 
0,1096 
0,1799 
0,2350 
0,2764 

If we a s s u m e  in (13) that  Fo i = ~ Lu Fo, the e x p r e s s i o n  fo r  CkiCOincides e o m p l e t e l y w i t h  the g e n e r a l -  
ized solut ion of the hea t - conduc t i on  equat ion der ived  in [5]. This enables  us to use  (13) to ca lcu la te  the 
p a r t i c u l a r  solut ions  of "pure"  hea t  conduct ion .  

Table  1 shows the va lues  of Lud~ (i = 1, 2) in the in te rva l  of va r i a t ion  for  the Luikov n u m b e r  f r o m  0.01 
to 1 and fo r  Ko*Pn f r o m  0.1 to 1. The va lues  of All and B22 fo r  the s a m e  values  of the Luikov n u m b e r  Lu 
and Ko*Pn a r e  given in Table  2. The va lues  of Bll , fo r  a change in Lu f r o m  0.01 to 1.0, and fo r  a change in 
Ko*t>n and Pn  f r o m  0.1 to 1.0, a r e  given in Table  3. The va lues  of  A21 for  the s a m e  va lues  of Lu, Ko*Pn,  and 1~ 
a r e  given in Table  4. The r e m a i n i n g  coef f ic ien ts  a re  eas i ly  de r ived  f r o m  the s a m e  tab les ,  s ince  A22 = -A21 , 

B12 = - B l l  , B21 = 1 -B22 , andA12 1 - A l l .  

Under  boundary  condi t ions  of the f i r s t  kind the va lues  of the d imens ion l e s s  potent ia ls  at the s u r f a c e  
of the body a r e  speci f ied:  

Oh(l, F o ) =  q~k(Fo) (k = 1, 2). (14) 

For  this  ca se  we mus t  a s s u m e  that  the va lues  of Pn a r e  the roo t s  of the c h a r a c t e r i s t i c  equat ion 

~ r  (~) = 0. (15) 

With cons ide ra t ion  of (14) and (15), we find that  f o r m u l a  (13) a s s u m e s  the f o r m  
~ 1 

C h i ~  Z 2r ~ 
~=, V~ (~,,) o 

Fo 

t } + ~nVr(~) % (Fo*) exp [ ~ L u F o * ] d ( t ~ L u F o * )  . (16) 

0 

The de r iva t i ve s  of the d i m e n s i o n l e s s  t r a n s p o r t  potent ia ls  at the s u r f a c e  of the body a r e  spec i f ied  
under  boundary  condi t ions  of the second  kind: 

00 h (1, Fo) _ ,% (Fo) (k = 1, 2). 
a~ 

For  this  ca se  we mus t  a s s u m e  that  Pn denotes  the roo t s  of the c h a r a c t e r i s t i c  equat ion 

(17) 

Vr (Vn) = O. (18) 

With cons ide ra t i on  of (17) and (18) in addit ion to the fact  that  ~ = 0 is a l so  a roo t  of (18), we find that  
(13) a s s u m e s  the f o r m  

l Fo 

Cki = (F q-1) [ f ~rfk (~)d~ q- ;~k (e~ d (~Lu F~ 
0 0 

2 1 

-I- 2 

Fo 

+ Cr (~t~) ~*k (bo*)exp [~n2 0,' Lu Fo*]d (0 FLu Fo)} �9 (19) 

,0  
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The bounda ry  condi t ions  at the s u r f a c e  of the body,  with the d i m e n s i o n l e s s  f lows of hea t  and m a t t e r  
spec i f i ed  as funct ions of t i m e ,  a s s u m e  the f o r m  [6]: 

00~ (1, Fo) _ Ki, (Fo) - -  ( l - -e)  Lu Ko Kio (Fo), (20) 
a~ 

003(!, Fo) _ Pn O0i(l' Fo) -t- Ki2 (Fo). (21) 
a~ a~ 

F r o m  these  r e l a t i o n s h i p s  we can  e x p r e s s  the funct ion Ck(FO) in t e r m s  of the  f lows Kik(FO ) as fol lows:  

% (Fo) = Ki I (Fo) - -  (1 - -  e) Lu Ko Ki 2 (Fo), (22) 

% (Fo) = Pn Ki~ (Fo) q- [ 1 - -  Pn (1 - -  0 Lu Ko] Kia (Fo). (23) 

Fo r  the quan t i t a t ive  ca l cu la t ions  Luikov [7] r e p l a c e d  the d r y i n g - r a t e  c u r v e  dur ing  the pe r iod  of a 
dec l in ing  r a t e  by  the s t r a i g h t  l ine 

0u _ •  ~ --- up). (24) 
& 

B a s e d  on n u m e r o u s  t e s t s  on the d ry ing  of the mos t  d i v e r s e  m a t e r i a l s ,  in r e f e r e n c e  [8] the fol lowing 
e m p i r i c a l  f o r m u l a  has  been  de r ived :  u = 1 . 8 / u  0. 

Equat ion  (24) in d i m e n s i o n l e s s  f o r m  wil l  be  
! 

[ ; ] 1 ~r02 (~, Fo) d~ . (25) Ki 2(Fo)= K F-[- 1 
0 

The r e l a t i o n s h i p  be tween  the in tens i ty  of hea t  and m o i s t u r e  t r a n s p o r t ,  which  has  the f o r m  

Ki t (Fo) = Lu Ko (1 q- Rb) Ki 2 (Fo) (26) 

has  been  e s t a b l i s h e d  on the b a s i s  of  the law of the c o n s e r v a t i o n  of ene rgy  in [9]. 

The Reb inde r  n u m b e r  Rb = fl (c/p) fo r  a r e g u l a r  d ry ing  r e g i m e  is a cons tan t ,  b e c a u s e  fo r  this r e g i m e  
fi = cons t ,  as  had been  d e m o n s t r a t e d  e x p e r i m e n t a l l y  by Luikov as f a r  back  as 1934 [7]. 

Subst i tu t ion of (25) and (26) into (22) and (23) y ie lds  

1 

~ h ( F ~  F + I  , 
o 

w h e r e  
Ml = K Lu Ko (8 -}- Rb), 

M 2 = K Lu Ko (e + Rb) -}- K. 

(28) 

(29) 

Di f fe ren t i a t ing  e x p r e s s i o n  (27) fo r  Fo 

l 

d~hd Fo(F~ _ M~ j '  ~r 0020 (~'FoF~ d~. 

0 

(30) 

Af t e r  subs t i tu t ion  of (2) into (30) and fol lowing in t eg ra t ion ,  with c o n s i d e r a t i o n  of (3) and (17) we find 

d% (Fo) M k Lu [Pn ~i (Fo) - -  q~2 (Fo)] (k = 1, 2). (31) 
d Fo 

Applying  the L a p l a c e  t r a n s f o r m  to s y s t e m  (31), we find an a l g e b r a i c  s y s t e m  of equat ions  f r o m  which 
we d e t e r m i n e  

1 

0 
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Turning to tt~e original of the parameter  s, we find 

1 
~h(F~ h F + I  

Substitution of (33) into (19) yields 
1 

G,~. = (F § 1) S ~rfn (~) d~ -~-- 2 
0 n = l  

! 

~ ~rf2(~)d~ }exp(--KLuFo). 
o 

i 

2qSr (~"~) S ~b~(lxn) exp (-- 1~] O~ Lu Fo) ~rq) r (p..~) f~ (~) d~ 

o 

(33) 

+ r + - - - V  
o 

r -  K - 

K V / ~  Vr (V/-~__T2 "i exp`-  KLuFO) 

2q2r (~"~) exp (-- 1~] ~ Lu Fo) (34) 
.= ,  ) % (~.) 

The determination of the t e m p e r a t u r e - m o i s t u r e  distribution during a period of a declining drying 
rate is thus reduced to the solution of sys tem of heat and mass t ransport  equations for boundary conditions 
of the second kind, the only difference being that we must take (34) instead of (19). 

We specify the l inear combination of the dimensionless potentials and their  derivatives at the mate-  
r im surface under boundary conditions of the third kind as a function of time: 

1 O0 h ( 1 ,  Fo) 
O~ (1, Fo) + Bib 0 ~  = % (Fo) (k = 1, 2). (35) 

This definition of the boundary conditions differs from that adopted in [6]. It is equivalent to assuming Pn 
= 0 in the boundary conditions of [6], which is satisfied when there is no thermal-gradient  t ransport  of mat-  
te r  in the mater ia l .  

For this case we have to assume that #n,k denotes the roots of the character is t ic  equation 

~br(9) -- ~ (k=l, 2). (36) 
Vr (~) Bi~ 

In conjunetion with (35) and (36), formula (13) assumes the form 

2 {j Ch ~ 2r (ia. k~) Bi~ exp (-- ~ 2 Lu Fo) ~rCr (bt~) fk (~) d~ 
, : :  , /x n ~ ~=, V~.(~.~) 2 ~.~ + Bi~+(1--F) Biu 

o 

Fo 

-1- I~..uVr (l~,~.h) t % (eo*) exp (l~2n, k ~'~ Lu Fo*) d (~  Lu Fo*). (37) 
t r  

0 

We can easi ly derive all types of par t icular  solutions f rom these. 
a plate, a cylinder,  and a sphere,  we have to use the relationships 

sin x 
q~o (x) = cos x, r (x) = I o (x), r (x) = 

X 

Vo (x) = sin x, V l (x) = I t (x), V z (x) = 
sin x -- x cos x 

X 2 

To achieve specific solutions for 

(38) 

N O T A T I O N  

is a dimensionless coordinate; 
Fo is the Four ie r  number;  
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01 (4, Fo) 
02 (4, Fo) 
Ko * 
Lu 
Pn 
F 

Ki I (Fo) 

Ki 2 (Fo) 

K = ~<NR/am; 
Rb 
Bi 

1. 

2 .  

3. 
4. 
5. 
6. 

7 ~  

8. 

9. 

is the 
is the 
is the 
is the 
is the 

dimensionless  t empera tu re  of the mater ia l ;  
dimensionless  potential of mass t ranspor t ;  
modified Kosovich number;  
Luikov number;  
Posnov number;  

is the fo rm factor  of the mater ia l ,  equal to 0, 1, and 2, respect ive ly ,  for  a plate,  a cyl inder ,  
and a sphere;  
is the dimensionless  heat flow; 
is the dimensionless  mass flow; 

is the Rebinder number;  
is the Blot number .  
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